Two-dimensional tight-binding models for quasicrystals made of plaquettes with commensurate areas are considered. Their energy spectrum is computed as a function of an applied perpendicular magnetic field. Landau levels are found to emerge near band edges in the zero-field limit. Their existence is related to an effective zero-field dispersion relation valid in the continuum limit. For quasicrystals studied here, an underlying periodic crystal exists and provides a natural interpretation to this dispersion relation. In addition to the slope (effective mass) of Landau levels, we also study their width as a function of the magnetic flux per plaquette and identify two fundamental broadening mechanisms: (i) tunneling between closed cyclotron orbits and (ii) individual energy displacement of states within a Landau level. Interestingly, the typical broadening of the Landau levels is found to behave algebraically with the magnetic field with a nonuniversal exponent.
I. INTRODUCTION
Due to translational invariance either in the continuum or in a periodic crystal, electrons are characterized by a dispersion relation giving the energy as a function of a conserved wave-vector. In the presence of a magnetic field B perpendicular to a two-dimensional (2D) system, the electrons classically follow iso-energy trajectories called cyclotron orbits. If the dispersion relation is such that it admits closed cyclotron orbits, the latter are quantized into discrete energy levels [1] . The quantized cyclotron orbits are known as Landau levels (LLs) and have a macroscopic degeneracy BA (in units of the flux quantum) reflecting the translational invariance, where A is the sample area [2] .
This macroscopic degeneracy can be lifted by different mechanisms leading to a broadening of LLs into Landau bands. Firstly, a weak disordered potential of standard deviation v produces a LL width that behaves as v √ B as shown by Ando [3] . Secondly, the degeneracy can be lifted by applying a periodic (cosine) potential of strength V 0 and period a. Using first-order degenerate perturbation theory, Rauh [4] has shown that the LL width behaves as V 0 e −π/(2Ba 2 ) (see Appendix A). A third situation occurs in the case of a periodic crystal described by a tight-binding model. There, it is known from the Hofstadter butterfly [5] , i.e., the energy spectrum versus magnetic field, that LLs are broadened by the presence of the underlying periodic potential. In an elegant semiclassical analysis, Wilkinson [6] has shown that this broadening is due to tunneling between quantized cyclotron orbits (see Appendix B). The width be- * fuchs@lptmc.jussieu.fr † remy.mosseri@upmc.fr ‡ vidal@lptmc.jussieu.fr haves as √ f e −c/f , where the coefficient c can be obtained from a semiclassical Wentzel-Kramers-Brillouin (WKB) calculation, and f = BA p is the dimensionless magnetic flux per plaquette of area A p .
We have recently computed the Hofstadter butterfly for a quasiperiodic tiling (Rauzy tiling) and also for a random tiling [7] . In both cases, LLs have been found near band edges and at low magnetic field. From the above discussion, it may appear as a surprise that LLs are also present in cases where translation invariance is absent and no dispersion relation stricto sensu exists in zerofield. It is well-known that LL survive a small amount of disorder, but here the non-periodicity is strong. In the present paper, we extend this study by considering other quasicrystals (octagonal and Penrose tilings) described by tight-binding models. We compute their Hofstadter butterfly and study the emergence of LLs focusing on their slope and their broadening. For simplicity, we consider quasicrystals made of plaquettes with commensurate areas, which for brevity we call "commensurate quasicrystals". In this case, the only source of irrationality in the problem is the one related to quasicrystalline order. For such commensurate quasicrystals, the Hofstadter butterfly is periodic with the magnetic flux.
Our main findings are that LLs are generically present in quasiperiodic tight-binding models. Indeed, in the continuum limit, i.e., close to the band edges and in the zero-field limit, a quasicrystal may be described by an effective dispersion relation related to an underlying periodic crystal. This dispersion relation explains the existence of closed cyclotron orbits and, consequently, the emergence of LLs, their effective mass, their degeneracy and their Wilkinson-type of broadening due to quantum tunneling. The non-periodic nature of the solid appears as a perturbation on top of the effective periodic crystal. This perturbation produces a Rauh-type of broadening that dominates over Wilkinson's mechanism in the vanishing f limit. Due to its dense Fourier spectrum, the quasiperiodic perturbation produces an almost algebraic broadening f γ as a result of the interplay of all the e −πν 2 /(2B) broadenings with different spatial frequencies ν.
The article is organized as follows. In Sec. II, we introduce tight-binding models for various 2D quasicrystals and compute their Hofstadter butterfly. Then, we numerically extract the slope and broadening of LLs (Sec. III). Next, we propose an explanation for the surprising emergence of these LLs in quasiperiodic solids and relate their slope to an effective mass (Sec. IV). In Sec. V, we introduce models that interpolate between periodic lattices and quasicrystals and study the evolution of the LL broadening as a function of an interpolation parameter.
II. HOFSTADTER BUTTERFLY OF QUASICRYSTALS
In this section, we introduce 2D tight-binding models on quasiperiodic tilings. More specifically, we consider tilings made of plaquettes with commensurate areas, such as the commensurate version of the Rauzy tiling [8] , of the octagonal (or Ammann-Beenker) tiling [9] and of the Penrose tiling [10] . We also consider a random tiling obtained from the commensurate Rauzy tiling by phason flips (geometric disorder) [7] . We then compute the Hofstadter butterfly, i.e. the energy spectrum as a function of an applied perpendicular magnetic field, of these tightbinding models.
There are several reasons for considering quasicrystals made of commensurate plaquettes, rather than the original quasicrystals. The main one is that it disentangles effects coming from incommensurate plaquettes, from those that are truly due to the quasicrystalline longrange order. Note that it is easy to construct a periodic crystal made of two plaquettes with incommensurate areas. Such a system is very different from a quasicrystal, although it does have some source of irrationality. Other less important reasons to consider commensurate quasicrystals are that they possess an underlying periodic crystal (as we discuss below) and that they give a Hofstadter butterfly which is periodic in flux.
In practice, we consider a single unit cell of a periodic approximant 1 of the quasicrystal with periodic boundary conditions (PBC). The zero-field Hamiltonian is
1 A periodic approximant is a crystal with a large unit cell that approximates a quasicrystal. It is usually part of a sequence of approximants labeled by an integer k, known as the order of the approximant, and containing an increasing number N k of sites in the unit cell. The quasicrystal can be seen as the k → ∞ limit of the series of approximants. For a general introduction to periodic approximants of quasicrystals, see Ref. [11] .
where the hopping amplitude between connected sites is taken to be t = 1. A uniform magnetic field B = |∇ × A| is introduced as a Peierls phase on the hopping amplitudes
where A is the vector potential. In all tilings, we use units such that the shortest edge length is 1, the reduced Planck constant = 1 and the electric charge e = 2π so that the flux quantum φ 0 = h/e = 1. We call f = BA p the magnetic flux per plaquette of smallest area A p . Due to the PBC, the total magnetic flux across the sample BA = N φ can only take integer values (A is the total area of the system). For a convenient gauge choice adapted to this problem, we refer the interested reader to Ref. [7] . The energy spectrum is then obtained by numerical diagonalisation of the Hamiltonian as a function of the allowed fluxes f .
A. Commensurate Rauzy tiling
The original Rauzy tiling introduced in Ref. [8] is a co-dimension one quasicrystal with three different plaquettes and the module of its Fourier transform has rank three. Its commensurate version (also known as the isometric Rauzy tiling) [12] is obtained by modifying the projection direction in the construction of the original Rauzy tiling by the cut-and-project (C&P) method [13] [14] [15] . It contains a single rhombic plaquette of area √ 3/2 with three possible orientations (see Fig. 1 ). Geometric details of this tiling are given in Appendix C. The flux per plaquette is f = B √ 3/2 and the allowed fluxes are f = N φ /N where N φ is an integer and N is the number of plaquettes (it is also the number of sites). The Hofstadter butterfly has a flux-periodicity ∆f = 1 [7] (see also Refs. [12, 16] ). We reproduce it here for completeness (see Fig. 1 ). At small f and close to band edges (energy near ±4.11), LL fans separated by integer quantum Hall gaps are clearly seen. Moreover, there are much smaller gaps in the butterfly, e.g., near f = 1/2, that are due to the quasicrystalline order and that do not feature a quantum Hall effect. For a discussion of gap labeling in the Rauzy butterfly, see Ref. [7] .
B. Phason flips and random commensurate Rauzy tiling
In the Rauzy tiling discussed above, there are sites with 3, 4 or 5 neighbors. Sites with 3 neighbors can be flipped in a process known as phason flip. Phason flips disorder the tiling. For a sample with N sites, randomly flipping N 2 /2 sites with 3 neighbors leads to a random tiling with the same stoichiometry (i.e., the same number of plaquettes of a given orientation) as the commensurate Rauzy tiling but without long-range order. The Hofstadter butterfly for this random tiling was obtained in Ref. [7] and is reproduced here for completeness (see Fig.  2 ). At small f and close to the band edges, broad LLs are visible (some of them are highlighted in green in Fig.  2 ). Only the main integer quantum Hall gaps survive the disorder process but not the smaller gaps present in the nondisordered Rauzy system. The octagonal (or Ammann-Beenker) [17] tiling is a co-dimension two tiling and the module of its Fourier transform has rank four. As for the Rauzy tiling, a commensurate version of the octagonal tiling (see Fig. 3 ) can be obtained by modifying the projection direction in the C&P method of the original tiling. Tilings considered here have one rhombic plaquette of area 1 and two square plaquettes of area 1 and 2 (in units of the smallest edge length). Their construction relies on square approximants introduced in Ref. [9] (see Appendix C). The flux per smallest plaquette f = B so that the allowed fluxes are f = N φ /A, where A is the total area of the system. The corresponding butterfly is shown in Fig. 3 (see also [18] ). Qualitatively, it is similar to the Rauzy butterfly, although it differs in the details. It has all the expected global symmetries: it is periodic in flux with ∆f = 1, has f → −f symmetry and particle-hole symmetry, as the octagonal tiling is bipartite. It also features broad LLs near band edges at small flux and has many gaps, some of which are not related to the quantum Hall effect. Its gap labelling is left to future work. The Penrose rhombus tiling [19] is a co-dimension two tiling (even if it is frequently obtained by projecting from the Z 5 lattice) and its Fourier transform has rank four. As for the octagonal tiling, a commensurate version of the Penrose tiling (see Fig. 4 ) can be obtained by modifying the projection direction in the C&P method. It has four plaquettes of area 1/2, 3/4, 1 and 5/4 (in units of the smallest edge length). Its construction is based on rectangular approximants defined in Ref. [10] (see Appendix C for details). The flux per plaquette f = B/2 and the allowed fluxes are f = N φ /(2A). The Hofstadter butterfly is shown in Fig. 4 and has a flux periodicity of ∆f = 2 because f = B/2. The Hofstadter butterfly for the original Penrose tiling (i.e., with incommensurate plaquettes) was obtained in Ref. [20] .
III. NUMERICAL STUDY OF LANDAU LEVELS
We identify LLs within the Hofstadter butterfly near band edges and at low magnetic field. A LL is a group of N φ = BA eigenenergies, that is almost degenerate and well separated from other energy levels by an energy gap. It is usual to label a LL by a non-negative integer n. In the following, we denote by n,1 ≤ n,2 ≤ ... 
A. Effective mass
Near a band edge with a finite zero-field density of states, one typically finds that the average energy
of a LL behaves as
which allows us to extract an effective mass m. To this aim, we focus on the lowest Landau level (LLL) n = 0, and check that the successive LLs are separated by an energy gap 2πB/m. We consider several approximants (up to N ∼ 2.10 5 sites) and restrict the magnetic field in the range 10 −5 ≤ B ≤ 10 −3 . The smallest non-zero flux B valid on the torus is 1/A. However, the first few fluxes (say from 1/A to 4/A) suffer from finite-size effects and do not correspond to the bulk thermodynamic energy levels [21] . We therefore discard them. In the considered flux range, the LLL for the different approximants coincide, is narrow and its average is well fitted by a linear law (see Fig. 5 for the octagonal case). Results for the inverse effective mass 1/m are given in Table I .
B. Landau level broadening
Let us now study the way a LL broadens as a function of the magnetic field. To smoothen fluctuations, we consider the width of a LL as defined by the standard deviation of all the energy states forming the Landau band Table I . considered. Here, for simplicity, we focus on the LLL for which the standard deviation reads:
We compute this quantity as a function of f for several approximants with different number of sites and keep only the part that does not vary when changing this number of sites. We typically find a complicated field dependence that displays a power-law envelope f γ (see Fig. 6 ). The fitted exponent γ is given in Table II . In the case of a random tiling, one has to average over disorder realizations in order to obtain reliable results. In addition to the phasonized Rauzy tiling (see Table II ), we also studied the phasonized octagonal tiling and found γ 0.5. In both cases, the exponent is close to γ = 1/2, which is the expected exponent for a non-correlated disorder in the continuum [3, 22] . However phason disorder is known to be correlated since flipping one hexagon induces some constraints on its neighbors but a complete study is beyond the scope of the present work.
IV. EFFECTIVE MASS OF LANDAU LEVELS
The main goal of this section is to understand the emergence of LLs in the Hofstadter butterfly as well as their slope (effective mass). Since quasicrystals are not periodic, Bloch's theorem is not applicable, momentum is not conserved and an exact dispersion relation does not exist. However, we argue below that, in the continuum limit (i.e., close to band edges and in the zero-field limit), a quasicrystal is well approximated by an effective dispersion relation. In addition, when the quasicrystal is made of commensurate plaquettes, this dispersion relation can be shown to be associated to an underlying periodic crystal (see below). One may then apply the Onsager quantization condition on closed cyclotron orbits in order to obtain LLs. Below, we discuss several ways to define an effective mass accounting for the slope of LLs.
A. Underlying periodic crystal and effective dispersion relation
An effective dispersion relation (k) can be defined by
where H(k) = e −ik·r He ik·r is the Bloch Hamiltonian parametrized by a wavevector k, r is the position operator, |ψ is the ground-state and ψ j = j|ψ the corresponding wavefunction. One can compute this dispersion numerically from the exact (numerical) ground state. The idea behind this definition is to have an ansatz e ik·r |ψ for the long-wavelength excitations.
As we are only interested in long-wavelength properties, a cruder approximation (k) for the dispersion relation (k) may be obtained by replacing the exact ground state |ψ by a uniform state
The advantage of this approach is that it allows one to have an analytical dispersion relation:
where δ β are all possible neighbor vectors labeled by β (e.g. β runs from 1 to 6 in the Rauzy tiling, see Appendix C for details) and t β is the probability to have a link along δ β . The quantities t β play the role of effective hopping amplitudes. The average coordination number isz = β t β , which for a tiling made of rhombi isz = 4 so that (0) = −4. The above dispersion relation is periodic in reciprocal space and corresponds to a tightbinding model on a periodic lattice in real space. We refer to the latter as the "underlying periodic crystal" to the commensurate quasicrystal. Its construction may be seen as a geometrical mean-field like approximation to the commensurate quasicrystal, in which each site is assumed to be identical (i.e., a Bravais lattice) and to be connected to neighbors with all the hopping terms t β that exist in the quasicrystal. For the commensurate Rauzy tiling, the effective dispersion relation (7) is that of a triangular lattice with anisotropic nearest neighbor hopping amplitudes (see details in Appendix C). The commensurate Rauzy tiling and the underlying triangular lattice have all sites in common (see Fig. 1 ). In contrast, for the commensurate octagonal (resp. Penrose) tiling, the underlying periodic crystal is a square lattice with only first and second (resp. only some third and all fourth) nearest neighbor hoppings. Details are given in Appendix C. All sites of the commensurate octagonal (resp. Penrose) tiling belong to the underlying square lattice, but there are more sites in the square lattice, see Fig. 3 (resp. Fig. 4 ). These two commensurate quasicrystals can therefore be seen as periodic lattices with quasiperiodic vacancies.
The energy spectrum of a quasicrystal made of rhombi is particle-hole symmetric as a result of the tight-binding model being bipartite. In contrast, the underlying periodic crystal has a dispersion relation which does not have this symmetry. Indeed, it only approximates the quasicrystal close to the band bottom.
B. Effective quadratic dispersion relation
From the effective dispersion relation (k) given in Eq. (6) in the long wavelength limit, one obtains
which defines an effective inverse mass tensor α ij . This real symmetric tensor has two positive eigenvalues λ 1 and λ 2 with λ 1 ≥ λ 2 . This means that the effective dispersion relation has the shape of a paraboloid hosting closed isoenergy lines. The geometric mean of the eigenvalues gives an inverse effective mass
λ2 reflects the anisotropy of the tiling. A similar inverse effective mass tensor α ij can be defined from the effective dispersion relation (k) given in Eq. (7). The results for the various inverse effective masses are given in Table I and those for the anisotropy in Table III . The Rauzy tiling only has a two-fold rotational symmetry, that is retained by its commensurate version and which leads to an anisotropic inverse effective mass tensor (see Table III ). This is reflected in the underlying periodic model which has anisotropic hopping amplitudes (see Appendix C). Whereas the original octagonal tiling has an eight-fold rotational symmetry, its commensurate version only retains a four-fold symmetry resulting in an isotropic inverse effective mass tensor (λ 1 /λ 2 = 1). In contrast, the original Penrose tiling has a ten-fold symmetry, but its commensurate version only retains a twofold symmetry resulting in an anisotropic inverse effective mass tensor (λ 1 /λ 2 = 1.4). Indeed, the underlying square periodic model has very anisotropic third nearestneighbor hopping amplitudes (see Appendix C).
C. Unfolding of the bands of a periodic approximant
A periodic approximant is a crystal with a large unit cell that approximates a quasicrystal [11] . As it is a periodic system, it is described by Bloch's theorem and band theory. The corresponding energy bands are usually plotted in the first Brillouin zone (i.e., in reduced zone scheme), but can also be represented in the extended zone scheme [23] . Below, we show that this unfolded band structure for an approximant suggests the existence of an effective dispersion relation for the quasicrystal, that is valid in the continuum limit and close to the groundstate energy.
In the following and for illustration, we consider the commensurate octagonal tiling and work with a periodic approximant containing N = 41 sites in a square unit cell of area A = 50 (see Appendix C for details). The corresponding tight-binding model is described by a Bloch Hamiltonian H(k), whose eigenvalues b (k) define bands, where the band index b = 1, ..., N . In the reduced zone scheme, the eigenvalues b (k) are plotted as a function of k in the first Brillouin zone −π/ √ A < k x , k y ≤ π/ √ A. This band structure can also be unfolded by using the higher Brillouin zones of a square Bravais lattice (extended zone scheme). In Fig. 7 , the unfolded band structure is plotted in the energy range [−4.22, −2]. Colors indicate seven bands and the corresponding Brillouin zones. Small gaps along specific k directions are present at the boundaries between successive Brillouin zones 2 .
2 The unfolded band structure of Fig. 7 has some similarity to Fig. 3 in Ref. [24] . In this reference, a very different approach is used in order to construct an effective dispersion relation for a quasicrystal. Instead of using a tight-binding model, but in the Near the band bottom and close to k = 0, the unfolded band structure has an envelope which is well fitted by a paraboloid corresponding to an effective quadratic dispersion relation (k), see Eq. (8) . A cut of the paraboloid is plotted in Fig. 8 . There is an interesting analogy with the "nearly-free electron model" [23] . In the latter, one starts from free electrons described by a paraboloid and then turns on a small periodic potential that opens gaps at the boundaries between successive Brillouin zones, thereby creating a band structure in the extended zone scheme. Here, we proceed along a reversed path: we start from a tight-binding band structure, naturally represented in the reduced zone scheme, and unfold it in order to reveal a free-electron-like dispersion relation.
For comparison, in Fig. 8 , we also plot a k x = 0 cut of the dispersion relation (k) for the underlying square tight-binding model [see Eq. (C4)]. This dispersion is defined in a much larger first Brillouin zone −π < k x , k y ≤ π corresponding to a real-space microscopic periodicity of 1, instead of the much larger periodicity √ A of the periodic approximant. The dispersion relation (k) has been shifted to match the ground-state energy of the approximant. Apart from this global shift, there are no fitting parameters. The agreement near the band bottom and in the continuum limit is very good, even beyond the paraboloid region (see Fig. 8 ).
spirit of the nearly-free electron model, the authors start from free electrons and then turn on a small potential corresponding to the sites of a Penrose tiling. Bragg peaks in the Fourier transform of the potential open gaps in the free electron dispersion relation. These authors define modified Brillouin zones of unequal areas due to the most intense Bragg peaks, which are unlike the usual Brillouin zones that we are using.
This unfolded band structure of a periodic approximant gives a physical meaning to the effective dispersion relation of quasicrystals in the continuum limit and near the band bottom. It captures an envelope and neglects small gaps.
D. Inverse effective mass of the first band, Thouless conductance and participation ratio
The dispersion relation b=1 (k) of the first band corresponds to the lowest eigenvalues of the Bloch Hamiltonian H(k) when k varies in the first Brillouin zone −π/ √ A < k x , k y ≤ π/ √ A. It allows one to define an effective inverse-mass tensor
and a corresponding effective mass
where λ 1 and λ 2 are the eigenvalues of α ij , (see Ref. [7] for details). The quantity 1/m T measures the sensitivity of the ground-state wavefunction (inside the unit cell of a periodic approximant) to the phase twist in the boundary condition as encoded by k x and k y . Its physical meaning is therefore that of a dimensionless Thouless conductance for this band (hence the subscript T to the mass). The latter can be strongly influenced by the gap that opens at the edge of the first Brillouin zone and does not reveal the underlying periodic crystal but rather probes the localization of the ground-state wavefunction. Another useful way to characterize the localization of a wavefunction is the scaling exponent β of the participation number (see Appendix D for details).
Results for the four tilings are given in Table I . For the Rauzy tiling, the ground-state wavefunction is extended (β = 1) and this inverse effective mass converges to 1/m T = 1.95735(1) [7] . For the random tiling, the inverse effective mass goes exponentially to zero when increasing the system size, which reflects the localization by phason disorder (β = 0) [7] . For the octagonal tiling, the inverse effective mass goes algebraically to zero when increasing the system size 1/m T 3.05/N 0.006 [18] . This is related to the critical nature of the ground-state wavefunction. Indeed, the participation number scales as N β with β 0.9877 (see Appendix D). For the Penrose tiling, we find a very slow (non-monotonic) decay of the inverse effective mass 1/m T as a function of the approximant size. This is expected as the participation number exponent is very close to 1 (β 0.999, see Appendix D).
E. Smooth integrated density of states
Another piece of evidence for the existence of an effective dispersion relation comes from the numerically obtained zero-field integrated density of states (IDoS) for a quasicrystal, which is usually smooth near band edges. Near the ground-state energy (0), the IDoS per unit area can be fitted by a linear law
expected for a 2D parabolic dispersion relation and characterized by a single mass parameter m ρ . This effective mass is given in Table I for different tilings. The effective dispersion relation (8) gives an IDoS of the same form as (11) with the replacement m ρ → m α = 1/ √ α 1 α 2 . We therefore expect m α to be close to m ρ .
F. Semiclassical quantization of closed cyclotron orbits
The fact that, close to a band edge, quasicrystals are qualitatively described by an effective dispersion relation with the shape of a paraboloid (see Secs. IV A and IV C) is important since it explains the presence of classically closed cyclotron orbits. The latter can then be quantized via the Onsager relation [1] to give LLs as observed in the Hofstadter butterfly. According to Onsager, the zerofield IDoS (per unit area) N 0 ( ) is quantized as follows
where n is a non-negative integer. Note that it is not sufficient to have a finite N 0 ( ) in order to obtain LLs. Indeed, open cyclotron orbits are not quantized into LLs, only closed cyclotron orbits are. A parabolic band bottom corresponds to an IDoS of the form given in Eq. (11) . The semiclassical quantization then gives the following LLs
which shows the relation between the slope of LLs (related to 1/m) and the IDoS effective mass m ρ . Therefore, we expect m to be close to m ρ . In the end, m α m ρ m, as seen in Table I .
V. BROADENING OF LANDAU LEVELS: FROM PERIODIC LATTICE TO QUASIPERIODIC TILING
The goal of this section is to understand the observed power-law broadening f γ of LLs for quasicrystals. The main idea is that near band edges and in the zero-field limit, a commensurate quasicrystal can be seen as an underlying periodic crystal plus a quasiperiodic perturbation. The periodic crystal accounts for the existence of LLs, their degeneracy and their effective mass, as discussed in the previous section. It does also account for a small Wilkinson-like broadening. However, in the vanishing f limit, the latter is smaller than the LL broadening due to the quasiperiodic perturbation. The mechanism at stake is similar to that found by Rauh, except that the perturbation has a dense set of Fourier components and that their interplay produces a non-trivial result: namely, it transforms an exponential into a power-law broadening.
In order to analyse this phenomenon, we introduce tight-binding models that interpolate between the quasiperiodic tiling (η = 1) and the underlying periodic crystal (η = 0) as a function of a parameter η that varies some of the hopping parameters. The tightbinding Hamiltonian is taken to be
where H p. and H q. are the Hamiltonians for the underlying periodic model and for the perfect quasicrystalline model, respectively. As soon as the dimensionless parameter η = 0, the system is quasiperiodic.
In the Rauzy case, the model interpolates between the underlying anisotropic triangular lattice and the commensurate Rauzy tiling. We find that, as soon as η = 0, the LLL broadening in the vanishing f limit is algebraic w p ∼ ηf γ with an exponent γ 1.5 [see Fig. 9  (top) ]. This value of γ appears to depend weakly on η up to η = 1. At larger flux, there is a crossover to an exponential broadening w t ∼ √ f e −c/f [see Fig. 9 (top)], as predicted by Wilkinson for a periodic lattice. The reason for the crossover is the following. There are two broadening mechanisms in competition: one algebraic w p ∼ ηf γ due to the perturbing potential and one exponential w t ∼ √ f e −c/f due to tunneling. At small flux, the algebraic broadening dominates, whereas at large flux, the exponential broadening becomes larger. The crossover occurs when the two broadenings are of similar magnitude. It appears that the total variance is approximatively given by
In the octagonal case, the model interpolates between the underlying square lattice with first-and second-nearest neighbors and the commensurate octagonal tiling. Note that the size of the Hilbert space is given by the number of sites in the underlying periodic crystal, which is larger than that in the pure quasicrystal (see Appendix C). In the η → 1 limit, these extra sites are weakly coupled and contribute an extensive number of near-zero energy levels. Results for the octagonal-square model are shown in Fig. 9 (middle) . The LLL broadening at η 1 interpolates between the power-law behavior (f γ with γ 1) of the octagonal tiling (η = 1) at small f to an exponential behavior of the square lattice (η = 0) when f becomes larger. Even for a very small perturbation, the power-law behavior dominates in the vanishing f limit and already has a similar exponent γ 1 as the η = 1 limit. In the Penrose case, the model interpolates between the underlying periodic crystal (a square lattice with some third and all fourth nearest neighbors) and the commensurate Penrose tiling. Results are shown in Fig. 9 (bottom) and are qualitatively similar to the octagonalsquare case.
VI. CONCLUSION
We study the LLs that emerge in tight-binding models of quasiperiodic tilings in the limit of a weak perpendicular magnetic field. We find that their existence and their slope (i.e., inverse effective mass) can be recovered from an effective dispersion relation valid in the continuum limit. In the specific case of quasicrystals made of commensurate plaquettes, an underlying periodic crystal exists and its dispersion relation offers an interpretation of the effective dispersion relation obtained in the continuum limit. The underlying periodic crystal can be seen as a geometrical mean-field approximation to the quasiperiodic tiling.
The non-periodicity of the quasicrystals manifests itself in the broadening of LLs. Indeed, in the continuum, full translational symmetry ensures that LLs are infinitely narrow [2] . Adding a small cosine potential, a discrete translation symmetry remains which leads to an exponential broadening of LLs, which can be understood in perturbation theory (Rauh's mechanism) [4] . In a periodic crystal described by a tight-binding model, LLs are still quite narrow as they feature an exponential broadening due to tunneling, i.e., of non-perturbative origin (Wilkinson's mechanism) [6] . We have shown that in a 2D quasicrystal, in which translation symmetry is lost, LLs broaden with a typical width that grows roughly as a power law f γ with an exponent γ 1. In disordered systems, long-range configurational order is lost and LLs become very broad with a width that grows as the squareroot of the magnetic field (γ = 1/2) [3] . Note that for the quasicrystals that we have studied, the exponent γ is larger than its value for disordered systems. However we do not exclude values smaller than 1/2.
In order to disentangle effects coming from plaquettes with incommensurate areas and true quasicrystalline long-range order, in the present paper we have chosen to focus on quasicrystals made of commensurate plaquettes. We mention that most results derived in the present work remain true for quasicrystals made of incommensurate plaquettes, such as the original Rauzy, octagonal and Penrose tilings. In the corresponding Hofstadter butterfly, there are still emergent LLs that can be seen as resulting from the quantization of closed cyclotron orbits built from an effective dispersion relation valid near the ground-state energy and in the long wavelength limit. This dispersion relation can be obtained by unfolding the bands of an approximant and is still well approximated by Eq. (7), which, however, is no longer periodic in k. The width of LLs still increases algebraically with the magnetic field and the exponent is still γ 1.5 for the Rauzy tiling and γ 1 for the octagonal and the Penrose tilings. The only differences are that there is no underlying periodic lattice and that the Hofstadter butterfly is no longer periodic in flux.
with A = B x u y (Landau gauge) leading to a uniform magnetic field perpendicular to the xy plane.
For V = 0, eigenstates of H in the n th LL are labeled by the wavevector k y and read ϕ n,ky (x, y) = N n e ikyy e
where N n is a normalization factor. The corresponding eigenenergies are given by
In the following, we set the magnetic length l B = /(eB) = 1. We assume a system of total area A = L x × L y with PBC in both directions. As a consequence, k y = 2πl/L y , where l = 1, ..., N φ is an integer with N φ = A/(2π) the degeneracy of a LL.
For 0 < |V 0 | eB m , energy levels are obtained by diagonalizing the total Hamiltonian H projected in the subspace of the n th LL. For simplicity, we restrict to the LLL (n = 0) for which the Hermite polynomial H 0 (x) = 1 and
when L x 1. In this case, one has
is the dimensionless magnetic flux per unit cell of V (x, y). Because of PBC, the potential V (x, y) is periodic with period L x in x and L y in y and its Fourier transform is discrete: it is nonzero only for discrete values of q such that q x = 2πn x /L x and q y = 2πn y /L y with integer n x and n y . The energy spectrum of the n = 0 Landau band is obtained by diagonalizing a N φ × N φ matrix, the entries of which are given by Eq. (A7).
In eq. (A7), one recognizes the matrix elements of a 1D Harper Hamiltonian [25] with a frequency 1/f and a hopping amplitude V 0 e −π/(2f ) /2. If the hopping amplitude is set to 1, this leads to an energy spectrum which is the well-known Hofstadter butterfly of the square lattice, but in a dual version, i.e. with f replaced by 1/f . This energy spectrum is bounded by -4 and 4, has a zero mean and a standard deviation of 2. The f -dependent hopping amplitude therefore leads to an envelope for this dual Hofstadter butterfly which is responsible for a LLL broadening
as found by Rauh [4] .
with R 2 = 2, R 1 = 1, R 0 = 1. The ratio R k /R k−1 tends to the Tribonacci constant ρ 1.83929 when k → ∞.
In the commensurate Rauzy tiling, there is a single rhombic plaquette of area A p = √ 3/2 with three possible orientations (see Fig. 1 ). The total area is simply A = R k+1 √ 3/2. The underlying triangular lattice has basis vectors a 1 = (1/2, √ 3/2) and a 2 = (−1/2, √ 3/2) and neighbor vectors δ 1 = (1, 0) = −δ 4 , δ 2 = a 1 = −δ 5 , δ 3 = a 2 = −δ 6 with β = 1, ..., 6 [vectors are given in the natural orthogonal basis u x = (1, 0) and u y = (0, 1)]. The anisotropic hopping amplitudes are
The dispersion relation of the underlying triangular tight-binding model is:
2. Commensurate octagonal tiling and underlying square lattice
The original octagonal tiling is described in Ref. [17] and its square approximants obtained by a C&P method are defined in Ref. [9] . Here we consider a modified projection direction that gives three plaquettes of commensurate area: a rhombus of area 1 and two squares of area 1 and 2 (see Fig. 3 ). Note that, in this deformed tiling, there are both links of length 1 and of length √ 2. For the k th square approximant of the octagonal tiling, the number of sites is N = O 2k+1 +O 2k and the vectors of the unit cell are A 1 = ( √ 2O k+1 , 0) and A 2 = (0, √ 2O k+1 ), where O k are Pell (or octonacci) numbers obeying 2)/2 in the thermodynamic limit.
The underlying periodic structure is a square lattice with basis vectors a 1 = (1, 1)/ √ 2 and a 2 = (−1, 1)/ √ 2 and hopping between nearest neighbors δ 2 = a 1 = −δ 6 , δ 4 = a 2 = −δ 8 and next nearest neighbors
All hopping amplitudes t β = 1/2 for β = 1, ..., 8 are equal due to the eight-fold symmetry of the original octagonal tiling. The dispersion relation of the underlying square tight-binding model is:
All sites of the commensurate octagonal tiling belong to the square lattice, but there are (1 + √ 2)/2 times more sites in the square lattice (see Fig. 3 ). This number is the ratio between the average area per site in the octagonal tiling A/N and that in the square lattice |a 1 ||a 2 | = 1.
Commensurate Penrose tiling and underlying square lattice
The original Penrose tiling is defined in Ref. [19] and its rectangular approximants obtained by the C&P method are described in Ref. [10] . Here, we modify the projection direction such as to obtain four plaquettes of commensurate areas: three rhombi of area 1/2, 3/4 and 1 and a square of area 5/4, see Fig. 4 . Note that there are both links of length 1 and of length √ 5/2. For the k th approximant of the Penrose tiling, the number of sites is N = f k+3 , the vectors of the unit cell are A 1 = (F k+3 , 0) and A 2 = (0, F k+3 ), and the total area is A = F k+3 F k+3 , where F k , f k and F k obey the Fibonacci recursion relation
but with different initial conditions (f 2 = 22, f 1 = 14; F 2 = 2, F 1 = 1 and F 2 = 3, F 1 = 1). The F k are the canonical Fibonacci numbers and the ratio F k /F k−1 tends to the golden mean (1 + √ 5)/2 when k → ∞. The average area per site is A/N → 1/2 + 1/ √ 5 in the thermodynamic limit.
The underlying periodic structure is a square lattice with basis vectors a 1 = (1/2, 0) and a 2 = (0, 1/2) and hopping only between some of the third neighbors δ 1 = (1, 0) = −δ 6 and all of the fourth neighbors δ 2 = (1, 1/2) = −δ 7 , δ 3 = (1/2, 1) = −δ 8 , δ 4 = (−1/2, 1) = −δ 9 and δ 5 = (−1, 1/2) = −δ 10 . The hopping amplitudes are all equal t β = 2/5 for β = 1, ..., 10 due to the ten-fold symmetry of the original Penrose tiling. The dispersion relation of the underlying square tight-binding model is:
(k) = − 2 5 cos k x + cos 2k x + k y 2 + cos k x + 2k y 2 + cos k x − 2k y 2 + cos 2k x − k y 2 .
All sites of the commensurate Penrose tiling belong to the square lattice, but there are 2 + 4/ √ 5 times more sites in the square lattice (see Fig. 4 ). This number is the ratio between the average area per site in the Penrose tiling A/N and that in the square lattice |a 1 ||a 2 | = 1/4. the number of sites supporting the wavefunction and defined by [27] 
where N is the total number of sites. When N → ∞, P behaves as N β , where β = 1 for an extended wavefunction, β = 0 for a localized wavefunction and 0 < β < 1 for a critical wavefunction. For example, in 2D, a wavefunction with a long-distance power-law decay 1/|r − r 0 | α has β = 0 if α ≥ 1, β = 1 if α ≤ 1/2 and 0 < β = 2(1−α) < 1 if 1/2 < α < 1.
For the Rauzy tiling, the zero-field ground-state wavefunction is numerically found to have a scaling exponent that converges to β = 1 when increasing the approximant size. More precisely, we find β = 0.99999995 (1) by studying approximants with up to N = 223 317 sites. This is the behavior of an extended wavefunction.
For the Penrose tiling, we find that β = 0.998 (2) , by studying approximants with up to N = 1 421 294 sites. For the octagonal tiling, we find that β = 0.98774 (2) , by studying approximants with up to N = 1 607 521 sites. As β < 1, these examples correspond to critical wavefunctions.
These results agree with an analytical expression for the scaling exponent β [28] that can be derived from the Sutherland-Kalugin-Katz expression for the ground-state wavefunction of certain 2D quasicrystals [29, 30] . Sutherland gives an exact expression for the scaling exponent in the case of the Penrose tiling as [31] 
where the golden mean τ = (1+ √ 5)/2 is the inflation factor of the tiling and κ is a scaling factor for the wavefunction [note that in Eq. (42) of Ref. [31] giving the function α(κ), there is a misplaced parenthesis]. The scaling factor κ is related to λ = e 2κ defined in Ref. [30] , where it was numerically found that λ = 1.07500(1) for the ground-state wavefunction of the Penrose tiling. When plugged in (D2) and (D3), this gives β = 0.9991897(2), in agreement with the above numerical result.
The scaling exponent β is called d 2 (ψ) in Ref. [28] and given by β = ln ω(2κ)
in terms of a function ω(κ) that depends on the tiling.
For the Penrose tiling, one has ω(κ) = b(κ) + b(κ) 2 − 4e 2κ 2 (D5) with b(κ) = e 2κ + 5e κ + 1 [28] , which exactly matches Sutherland's result [31] .
The same expression Eq. (D4) holds for the octagonal tiling but with ω(κ) = a(κ) + a(κ) 2 − e 2κ e κ (D6)
where a(κ) = 4e 2κ + 9e κ + 4 [28] . Using the scaling factor λ = e 2κ = 1.358076(2) [30] , one gets β = 0.9877533(1), in agreement with the above numerical result.
